A formulation is given to map the one-dimensional 5 = 1/ 2 quantum spin systems onto the twodimensional Ising model with many· spin interactions on the basis of the n-spin cluster decomposition (n CLD). The cluster transfer matrix is defined which characterizes the thermodynamical properties of the equivalent system. A prescription is presented to construct the cluster transfer matrix and to evaluate its maximum eigenvalue numerically. The method has been applied to the calculation of the energy and specific heat of the XY model for various values of the cluster size n and the Trotter size m. The convergence properties of the energy as a function of nand m have been studied in detail. The main results obtained are: (1) The low-temperature behavior is improved much more by considering larger spin clusters; (2) the energy depends on the spin cluster through the effective cluster size ne defined by ne =(n+l)/2; and (3) the energy converges linearly with l/n!m' except at very low temperatures. § 1. Introduction
It has been recognized recently1l-6) that the transfer-matrix method provides a powerful means for the numerical calculation of the thermodynamical quantities of quantum systems. The basis of the "quantum" transfer-matrix method comes from the following equivalence theorem: In a previous work l ) two different classical representations have been used; checkerboard decomposition (CBD)9) and real-space decomposition (RSD).7) The resulting twodimensional (N x 2m) Ising model equivalent to the one-dimensional (ID) N -spin 5 = + quantum spin system has been studied by use of the numerically exact transfer-matrix method;. m is the size along the Trotter direction. Convergence properties on m have been examined in detail. The results obtained are as follows: (1) The rate of convergence of the thermodynamical quantities are the same in both the representations; (2) the energy derived from the free energy coincides precisely with that calculated in terms of the spin correlation function in CBD; (3) the spin correlation function in RSD converges much faster than in CBD; (4) the limiting m ---> co behavior can be estimated accurately from the 1/ m 2 extrapolation:
E(m)=E(co)+a/m 2 ;
(1-2) (5) the limiting values of energy agree with the correct values except at extremely low temperatures.
The computational merit of this approach is that the thermodynamical quantities can be evaluated without diagonalizing the full Hamiltonian of the system; the knowledge required is about a local transfer matrix which transfers one state of a two-spin cluster to another state. The only disadvantage of this method was that the energy derived ·from the classical representation of the free energy could not reproduce the strong quantum effects at extremely low temperatures. It has been pointed out by Tsuzuki 3 ) that the situation is improved largely by considering the three-spin cluster decomposition; it uses a three-spin cluster instead of a two-spin cluster as a unit of a local transfer matrix. He showed that the size of the transfer matrix is reduced significantly by taking into account the symmetry property of spin variables on one column along the Trotter direction. He then gave analytical expressions of the transfer matrix relevant to the maximum eigenvalue in the case of two-and three-spin decompositions with the Trotter size up to m =4 for the 1D 5 = + XY model. Thus he demonstrated that the low-temperature behavior is improved largely by this con~ideration. However, his formalism is very difficult for ones who are not familiar with the representation of the atomic coherent state of spins he used. Consequently, it is not easy to see how to get the expressions for larger spin cluster decompositions and how to extend his method to general spin systems.
The purpose of the present article is to give a formulation of the transfer-matrix method based on the n-spin cluster decomposition (n CLD); the usual CBD corresponds to n = 2 CLD. The usual representation in which each 5/ is diagonal is used. The cluster transfer matrix is defined which characterizes the thermodynamical properties of the equivalent classical system. A prescription is given how to construct the cluster transfer matrix and how to evaluate numerically its maximum eigenvalue with increasing values of nand m. The present method is applied to the 1D 5 = + quantum spin system described by the Hamiltonian:
where 5/ is the spin operator on site i and N is the number of spins. The Hamiltonian (1· 3) includes the following three important cases: (1) Various results have been obtained for those models with the use of a wide variety of methods, both exact and approximate. The energy, specific heat, and susceptibility of the 1D ferromagnetic and antiferromagnetic Heisenberg models were estimated numerically by Bonner and Fisher. 10 ) The 1D XY model was solved analytically by Lieb et al. ) and by Katsura, 12) independently. These results are helpful to see the precision of the present method.
In § 2 the cluster transfer matrix is defined on the basis of the n-spin cluster decomposition, and a prescription is given to construct the cluster transfer matrix and to evaluate its maximum eigenvalue numerically. In § 3 the method is applied to the calculation of the energy and specific heat of the 1D XY model for various values of nand m, and the convergence properties are studied. Discussion and conclusions are given in § 4. § 2. The cluster transfer matrix
The n-spin cluster decomposition
The partition function of the quantum system is expressed as
where ( prescribing the eigenstates of 5 { for all i:
where r is a label along the new Trotter direction, and each ar runs over 2N states.
The "real-space" transfer matrix is defined by
which transfers state la'> to la> along the Trotter direction. Then the partition function is given in terms of T by Z=Tr Tm.
One of the classical representation of Z is given on the basis of the checkerboard decomposition (CBD),9) as stated in the Introduction. It is generalized to the representation based on the n-spin cluster decomposition (n CLD) to take into account the effect of spin clusters. The procedure goes as follows. First, the chain of N spins is divided into N' equiva- is used to decompose the transfer matrix T:
is a local transfer matrix which transfers one state of n-spin cluster (8i, 8i+l, "', 8Hn-l) to another state along the Trotter direction. By substituting Eq. (2 ·10a) into Eq. (2· 5) and rearranging the order of Tl and T 2 , the mth approximant of the partition function is given by
The decomposition error is proportional to 11m 2 at a fixed temperature. The classical representation Zm derived on the basis of n-spin cluster decomposition can be interpreted as the partition function of an Ising model with a modified checkerboard-like lattice structure; the 2D square lattice is defined in which rows are labeled by r(1~ r~2m) and columns by k(l~k~N'). Figure 1 illustrates the case n=3 CLD with m=3. The shaded rectangle denotes a local transfer matrix tk,r, and the "real-space" transfer matrices, Tl and T 2 , are indicated in the figure. Periodic boundary conditions are required in the Trotter direction because of the trace operation. Free chain is assumed in the present study.
The cluster transfer matrix
The local transfer matrix tk,r transfers the state (Si,r, SH1,r, "', Si+n-l,r) to (S;,r+l, Si+1,r+l, ''', Si+n-l,r+l) along the Trotter direction; i=(n-1)(k-1)+1. It is rearranged to give the "virtual-space" local transfer matrix Uk,r which transfers the state (Si,r, Si,r+l) to (Si+n-l,r SHn-l,r+l) along the real space and the state of the intermediate spins (SH1,r, "',Si+n-2,r) to (Si+l,r+l, "', Si+n-2,r+I). We define in terms of Uk,r the "virtual-space" transfer matrices, U1 and U2, which transfer the state of the spins on the kth column (denoted by the open circles on one vertical solid line in Fig. 1 ) to that of the spins on the (k+ l)th column, as indicated in the figure. They are given explicitly by (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) where A'(B') is the set of odd (even) r, and the trace is taken over all the spin states l,8i) on the intermediate columns which are denoted by the filled circles in Fig. 1 ; each,8i runs over 2 2m states. The cluster transfer matrix is defined in terms of U1 and U2 by (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) The partition function is expressed in terms of the eigenvalues {It} of U as
In the thermodynamical limit with m fixed, Zm is given by the maximum eigenvalue A of U: (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) We use the dimensionless units for the free energy f = -F/ Nks T and the exchange interaction constant K = ] / kB T. In these units the free energy is given by f=lilA/ 2( n-1) .
In terms of f we obtain: (1) the internal energy per spin E/J=-Jf/JK; (2) the specific heat per spin
The n CLD with m= 1
(2-17) (2-18) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) When the Trotter size m is 1, the classical representation of Zl based on the n CLD has the following properties: The cluster transfer matrix is simply given by Then Zl is expressed as
The maximum eigenvalue of U1 is given by In the representation in which each 5/ is diagonal, this Hamiltonian is expressed as a matrix of 8 X 8:
When f x = f y, it is easily diagonalized:
where C is a unitary matrix and E(3) is the diagonal matrix given by
with 0 =j Jz z +81x z . The local transfer matrix is given by which is given explicitly in a matrix form:
where
Inthis representation t1,r is the "real-space" local transfer matrix which transfers the state (Sl, r, Sz, r, S3, r) to (Sl,r+l, Sz,r+l, S3,r+l). It is rearranged to give the "virtual-space" local transfer matrix Ul,r which transfers the state (Sl,r, Sl,r+l) to (S3,r, S3,r+l):
where A, B, C, D and F are the transfer matrices which transfer the state Sz,r to Sz,r+l. They are given by 
The basis is the row vector of the form:
U2 is obtained from Ul by the cyclic permutation of spin variables. A further unitary transformation reduces Ul to a relevant 3 x 3 matrix:
with the basis vector of
The above procedure clearly indicates that the size of the cluster transfer matrix is reduced largely by considering the symmetry properties of spin variables. In the XY case of ]z=O and ]x=]y, Eq. (2·34) agrees with the expression derived by T$uzuki 3 ) on the basis of the representation of the atomic coherent state of spins.
Computational procedures
, The extension of the analytical method given in § 2.4 to larger values of nand m is stniightforward but very tedious. Instead a numerical method was used to evaluate the cluster transfer matrix U and its maximum eigenvalue A. A computer program was written to construct the "virtual-space" transfer matrix U 1 for general values of nand m by following the algorithm given in § 2.2 and 2.4. The symmetry property of U1 was utilized to reduce the size of the matrix; it is 2 2m X 2 2m in the mth approximation, but the size of the relevant part is only (2 2m / 3+ 1) X (2 2m / 3+ 1). It could be reduced further as shown in § 2.4, but no effort was attempted. U2 was obtained from U1 by the cyclic permutation of spin variables.
The maximum eigenvalue and eigenstate of U = U2 U1 were obtained by the iterative operation of U on an arbitrary state Ix> which is not orthogonal to the ground state:
UI¢>=AI¢> .
The iterations were terminated when the relative error of A became smaller than 10- It has been studied in detail the dependence of the energy and specific heat on the cluster size n and the Trotter size m for both 1D XY model and antiferromagnetic Heisenberg model. The behavior of both models was found much the same, so the results for the former model will be shown in the following. The results for the latter model will appear elsewhere. Figure 3 shows the results for the energy of the 1D XY model in CBD calculated by use of the numerically exact transfer-matrix method. 1) The lighter lines are the results for m = 1, 2, 4, 6, 8, 10; the number attached to each line is the value of m. They show a steady progression toward the exact result of Katsura 12) shown by the bold solid line. The dashed line is the m ..... 00 estimation of the energy; it was extrapolated from the results for m = 7, 8, 9, 10 by use of formula (1· 2). The estimation is quite good for temperatures T>0.3. The ground-state energy in CBD is -1.0 irrespective of m, which is the groundstate energy of a two-spin cluster. The large difference of the ground-state energy between the classical system in CBD and the real quantum system emphasizes the failure to reproduce the strong quantum effects at extremely low temperatures.
Energy and specific heat calculated in CBD
The specific-heat results are presented in Fig. 4 . The progression toward the exact result (bold solid line) is quite systematic, and the m -> 00 estimation (dashed line) agrees with the exact result for T >0.3. As expected from the energy results, the lowtemperature behavior is poor. 
Energy and specific heat calculated in CLD

)
It is very remarkable that their results are in a good agreement with the calculation of n=3 CLD with m=l; the analytical expression of the energy is given by E= -l/l2tanh U/l2kB T). 3) The energy calculated in the n = 3 CLD is to be compared with that in CBD; Fig. 5 is to be compared with Fig. 3 with the notice of the vertical scale change. It is seen that the low-temperature behavior is improved greatly by taking into account the three-spin cluster. The behavior is improved much more by increasing the cluster size n. Figures   7 and 8 show the energy and specific heat for the n = 9 CLD with m = 1, 2, 3. The calculated results show a rapid convergence to the exact value with increasing nand m; the specific heat is very close to the exact result except at very low temperatures. The energy at T=O is the ground-state energy of an XY chain of size n with open ends, which is determined solely by the cluster Hamiltonian H(n) irrespective of m; it is -1.0, -0.70711, -0.68301, -0.67122, -0.66422 for n=l, 3, 5, 7, 9, respectively, while the exact value is -0.63662. Figure 9 compares the temperature variations of the energy of the 1D XY model for various values of (n, m); the value of (n, m) is attached to each line. It is seen that the strong quantum effects in the low-temperature region are reproduced largely by increasing the cluster size n. Bonner and Fisher 10 ) have already noticed that the ground-state energies of the antiferromagnetic Heisenberg chains with open ends show a slower , convergence apparently linear with lin. It was ascertained that the energies at T=O for the XY model calculated in the n CLD show similar temperature dependence irrespective of m. For T>O such a simple dependence holds no longer. TsuzukP) has pointed out that the m=4 result for n=3 CLD agrees with the m=8 result for CBD (n = 2) except at very low temperatures. A closer inspection of Fig. 9 indicates that a similar behavior holds for other set of (n, m); there are several groups which show the same temperature variations except at very low temperatures in spite of the different values of (n, m). Figure 10 is the (n, m) diagram in which the group of (n, m) with the same temperature variation is denoted by the same mark; the filled marks indicate that these sets of (n, m) are studied by Tsuzuki 3 ) using the analytical method. The horizontal axis of Fig. 10 is the effective cluster size ne, defined by the integer part of (n + 1) /2. It was found that there is a very simple interrelation among different set of (n, m); the set of (n, m) with the same value of the product nem belongs to the same group. The lines in Fig. 10 are the constant-nem curves; the number attached to each line is the value of nem. This finding suggests that (1) the energy depends on the spin cluster through the effective cluster size ne not n; and (2) the energy converges linearly with l/n/m 2 :
Dependence on nand m
It is well established =0.4 the linear relation holds well for all m~2; the relation does not hold at all when m =1. At T=0.2 the linear relation holds well for m~3; a deviation occurs at ne=2 when m=2. The filled marks in the figure show the limiting energies, E(m), which are also tabulated in Table 1 . They tend to the exact values denoted by the circles as increasing m.
(b) m dependence Figure 12 shows the energies plotted versus 11m 2 with ne fixed at T=OA and 0.2. The filled marks are the ne-4= estimations, E(m), obtained by using relation . At T=OA the linear relation (1-2) holds well for ne~4; deviations occur at m=2 when ne=2 The n-spin cluster decomposition (n CLD) has been used to derive the classical representation of the partition function of the ID quantum spin system. The cluster transfer matrix has been defined which characterizes the thermodynamical properties of the equivalent 2D Ising model. A prescription has been given to construct the cluster transfer matrix and to evaluate its maximum eigenvalue numerically. The method has been applied to calculate the energy and specific heat of the ID XY model for various values of the cluster size n and the Trotter size m. The n=3 results with m=l, 2, 3, 4 reproduce the results obtained by Tsuzuki 3 ) using the analytical method. It has been shown that the low-temperature behavior is improved largely by considering larger spin, clusters.
The convergence properties in CLD have been studied in detail as a function of nand m. They are summarized in the following way:
(1) T=O
The energies at T=O in n CLD are determined solely by the cluster Hamiltonian H(n)
irrespective of m. They show a slower convergence apparently linear with II n. For this reason it is essential to increase the cluster size to improve the low-temperature behavior.
(2) High temperatures
There is a very simple interrelation among different sets of the energies, E(n, m). The set of E( n, m) with the same value of the product nem shows the same temperature variation except at very low temperatures, where ne is the effective cluster size defined by the integer part of (n + 1) 12. In this way the energy depends on the spin cluster through The present study has confirmed his conjecture; the parameters determined are a = 2, b = 2 and the effective cluster size ne is to be used instead of n as the cluster size parameter. In conclusion, the present cluster transfer-matrix method is the numerical realization of the analytical transfer-matrix method of Tsuzuki.
3 )
The present method provides the results for much -larger values of (n, m) than his method. Only limitation is the ability of the computer used. This method can be applied to other ID quantum systems with slight modifications. In order to apply to 2D and 3D quantum systems, it would be necessary to reduce the size of the transfer matrix drastically with the help of the symmetry properties of spin variables along the Trotter direction as has been pointed out by Tsuzuki.
